Invariant manifolds provide geometric structures for understanding dynamical behavior of nonlinear systems. However, these nonlinear systems are often subject to random fluctuations or noises. It is thus desirable to quantify the impact of noises on the invariant manifolds. When the noise intensity is small, this impact is estimated via asymptotic analysis in the context of Liapunov-Perron formulation. Namely, the random invariant manifold is represented as a perturbation of the deterministic invariant manifold, with a well-defined bound for the deviation.
I. INTRODUCTION AND MOTIVATION
Invariant manifolds for deterministic dynamical systems have been extensively studied. They are special invariant sets in the state space and carry essential dynamical information. Their existence and regularity properties have been reasonably understood ͑see Ref. 6 and references therein͒. Dynamical systems, as mathematical models for nonlinear phenomena in engineering and science, are often subject to random fluctuations or noises. It is desirable to understand the impact of noises on the invariant manifolds. In this paper, we study the impact of small noises on the invariant stable and unstable manifolds, i.e., we compare the invariant manifolds for the original deterministic system and for the randomly perturbed system and quantify their difference when the noise is small.
Stable and unstable manifolds for stochastic ordinary differential equations ͑SDEs͒ and stochastic partial differential equations ͑SPDEs͒ have been studied recently ͑see Refs. 12, 1, and 8 and Refs. 4, 5, 9, and 3, respectively͒.
We consider the following nonlinear stochastic evolutionary equation with a multiplicative noise, in a separable Hilbert space H with scalar product ͗·,·͘ and induced norm ʈ · ʈ:
where A is a linear operator, ‫"ؠ"‬ is in the sense of Stratonovich stochastic calculus, W = W͑t , ͒ is a scalar Brownian motion defined on a probability space ͑⍀ , F , P͒, and ⑀ is a positive parameter representing the intensity of the noise. Note that Ito's form of ͑1͒ is dU dt = AU + ⑀ U 2 + F͑U͒ + ⑀UẆ , U͑0͒ = X H.
where L F is the Lipschitz constant and ʈ · ʈ is the normal of the space H. When the nonlinearity F͑U͒ is locally Lipschitz continuous, the approximation result in this paper can be applied to the modified stochastic equation where the nonlinearity is appropriately cutoff and thus obtain approximation information for the local random invariant manifolds. The state space H is the Euclidean space R n when the above equation is a SDE or a function space if the above equation is a SPDE. When ⑀ = 0, Eq. ͑1͒ reduces to a deterministic evolutionary equation,
We compare the invariant manifolds for the original deterministic system ͑2͒ and for the randomly perturbed system ͑1͒ and quantify their difference when the noise intensity ⑀ is small. Note that the existence of random stable and unstable manifolds for ͑1͒ was proved using the Liapunov-Perron method. 5 Here we conduct an asymptotic analysis of these random stable and unstable manifolds in the Liapunov-Perron setting when ⑀ is sufficiently small. Note that random centerlike manifolds were estimated or approximated for some SPDEs by Wang and Duan 11 and Blomker and Wang.
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This paper is organized as follows. In Sec. II, we review some basic concepts of random dynamical systems and recall the existence result for random invariant manifolds. The main result on asymptotic analysis for random invariant manifolds is described in Sec. III, and two illustrative examples are presented in Sec. IV.
II. RANDOM INVARIANT MANIFOLDS
Following Ref. 5 
Then z͑w͒ = ⑀Z͑͒, where Z͑͒ is the stationary solution of dZ͑t͒ + Z͑t͒dt = dW͑t͒ and can be expressed as
Moreover,
Define a transform
with its inverse transform
Denote U͑t , , X͒ as the solution of ͑1͒ with initial value X. Introducing
then the new system state u satisfies the following RPDE:
where
The solution mapping of ͑5͒, i.e. ͑t , , x͒ → u͑t , , x͒, generates a random dynamical system. Thus
is also a random dynamical system. In fact, the relationship between solutions of ͑1͒ and ͑5͒ is described by
B. Definition of random invariant manifolds
A random set M͑͒ is called an invariant set for a random dynamical system ͑t , , x͒ if
If we can represent M as a graph of a C k ͑or Lipschitz͒ mapping 
C. Existence of random invariant manifolds
Denote u͑t , , x͒ the solution of ͑5͒ in H with the initial data u͑0, , u 0 ͒ = u 0 . Define the Banach space for each , ␤ Ͻ Ͻ ␣, We recall from Refs. 4 and 5 the following result for random invariant manifolds. If
where K, ␣, and ␤ are from the pseudoexponential dichotomy condition in the beginning of this section and L F is the Lipschitz constant of F͑u͒, as discussed in Sec. I, then there exists a Lipschitz invariant stable manifold for the random evolutionary equation ͑5͒ which is given by 
where T −1 is defined as in ͑4͒.
III. ASYMPTOTIC ANALYSIS FOR RANDOM INVARIANT MANIFOLDS
In this section, we propose an approach to approximate the random stable and unstable manifolds by asymptotic analysis for ⑀ sufficiently small. Only the stable manifolds are considered, as the unstable manifolds can be treated similarly.
Denote the stable manifold for ͑5͒ ͑0 Ͻ ⑀ Ӷ 1͒ as
Let the deterministic stable manifold ͑i.e., ⑀ =0͒ be represented as 
Write the solution of ͑5͒ in the form
with the initial condition where F u u 0 ͑t͒ represents the first order Fréchet derivative of the function F with respect to u and evaluated at u 0 ͑t͒. 7 In Euclidean space, the Fréchet derivative reduces to the classical derivative. Substituting ͑13͒, ͑14͒, and ͑18͒ into ͑5͒ and equating the terms with the same power of ⑀, we get 
͑22͒
With ͑16͒-͑18͒ the right hand side of ͑9͒ can be written as
where R 2 represents the remainder term, Intuitively, if the stable manifold ͑9͒ for ͑5͒ exists and is sufficient smooth function of ⑀, then h ͑d͒ ͑͒ and h 1 ͑ , ͒, as obtained by power expansion with respect to ⑀, should be well defined. In the following, we make this intuitive idea rigorous.
A. Main result
We first state a result about approximating stable manifolds for RPDEs including random ordinary differential equations. 
We have used the inequality ʈF u u 0 ͑s͒ ʈ Յ L F to get ͑30͒. Therefore, it follows that J͑·; , ͒ is a contraction mapping from C 1 + to C 1 + , and thus there exists a unique u 1 ͑t , , 
where R 2 is the remainder term on the order of ⑀ 2 . It follows from ͑33͒ and ͑32͒ that
we then have
It remains to show that h ͑1͒ ͑ ,·͒ is a zero-mean Gaussian random variable. It follows from ͑20͒ and ͑28͒ that h ͑1͒ ͑ , ͒ can be explicitly expressed as
By the definition of Z͑͒ ͑see Sec. II͒, the terms such as Z͑͒, ͐ s 0 Z͑ r ͑͒͒dr, and Z͑ s ͑͒͒ can be expressed as Ito integral with respect to the Brownian motion. As a consequence, the h ͑1͒ ͑ ,·͒ can be regarded as an integral with respect to the Brownian motion with deterministic integrand and thus is zero-mean Gaussian. This completes the proof of this theorem. ᮀ Remark 1: Equation ͑34͒ provides an explicit expression for h ͑1͒ ͑ , ͒ , which depends only on the unperturbed deterministic system.
IV. ILLUSTRATIVE EXAMPLES
Let us look at two examples, in Euclidean space and Hilbert space, respectively. Example 1: Consider a SDE system
where ⑀ Ͼ 0 and W is a scalar Brownian motion. We consider the stable manifold in a neighborhood around ͑0,0͒. In this example, A = ͑ −1 0 0 1 
